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PHYSICALLY NONLINEAR ELLIPSOIDAL INCLUSION
IN A LINEARLY ELASTIC MEDIUM

I. Yu. Tsvelodub UDC 539.3

This paper considers a physically nonlinear ellipsoidal inclusion in an elastic space loaded at infinity
by uniform external forces. Relations are obtained that link the stresses and strains at infinite points
of the medium and in the inclusion (in the latter, a homogeneous stress—strain state occurs). Some
examples, in particular, inclusions in the shape of oblate and prolate spheroids exhibiting nonlinear
creep properties, are discussed.
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Vakulenko and Sevost’yanov [1] proved the following statement, which generalizes classical Eshelby’ results
[2, 3]: if a linearly elastic space containing a physically nonlinear ellipsoidal inclusion (PNEI) is loaded by uniform
external forces at infinity, the stress—strained state (SSS) in the inclusion will be homogeneous. However, concrete
relations between the SSS of an elastic medium and the PNEI are not given in [1], although they are easy to
determine by comparing the corresponding relations obtained in [1, 2].

1. Linearly Elastic Space with a PNEI. We consider an elastic space with a PNEI loaded at infinity
by uniform stresses o}y (k,I = 1,2,3). The coordinate system Oxzqxzox3 is attached to the symmetry axes of the
ellipsoid, so that the equation of the boundary {2 separating the inclusion v* from the elastic region v has the form
x%a;Q =1 (a1 > a2 > a3z). Here and below (unless otherwise specified), summation over repeated subscripts is
performed from 1 to 3. The strains of the medium and inclusion are considered small; on the surface €2, the loads
and fields are continuous.

In the region v, Hooke’s law is valid:

€kl = OklmnOmn, Okt = bkimnEmn (k,l =1,2 3)7 (11)
It can be written in componentless form
e=a:o, oc=b:e (1.2)

(€kts Okly Gkimn, and bgim, are components of the strain, stress, elastic compliance, and elastic modulus tensors)
and a and b are mutually inverse tensors.
The constitutive equations for the inclusion v* are written in general form

e =F(o"), o =G, (1.3)

where F' and G are nonlinear tensor operators acting on the stress tensors o* and strain tensors €*. For (1.3), we
also use a componentwise form similar to (1.1).
In [1], the following expressions for the displacement vector components wuy, in the region v* U v are obtained:

S / By (E)Unpa(r — €) dv(€) (ki =1,2,3),

v*

(1.4)

’l”:(l‘l,.’L’Q,.’I}g) GU*U’U, €:<§1a§2af3) EU*
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(in [1], the sign ahead of the integral in (1.4) is erroneously replaced by the opposite one), where U is the Green
tensor, u® is the displacement vector which is a linear function of r» and corresponds to a uniform stress field o
at infinity, and the subscript ¢ after the comma denotes the derivative with respect to z,. In the region v*, the
tensor ® is defined in terms of the quantities introduced in (1.2) and (1.3) as follows:

b=0"—b:e", o* =G(eY). (1.5)

It should be noted that @, o*, and £* do not depend on the coordinates zj (k =1,2,3).
At the same time, for the case where the inclusion undergoes a transformation accompanied by a “free”
homogeneous strain e’ and 0° = 0, Eshelby [2] obtained relations similar to (1.4):

g =~ / O Ukpg(r —€)dv(€)  (k=1,2,3). (16)

v*

Here o7 = b : . Substituting this equality into (1.6) and differentiating with respect to the coordinates, we find
the following strains in the region v*:

ef =8¢0 (1.7)

Formula (1.7) can be written in componentwise form

Epl = Sklmnggwbm 25kimn = —bpgmn /[Ukp,ql(r = &) + Uppge(r — §)] dv(§)
(1.8)
(k,l,m,n=1,23), r.€ecvt.
As shown in [2], the tensor S does not depend on the coordinates xj (k = 1,2,3) but is determined by the
geometry of the region v* and the elastic characteristics of the ambient medium v. Using (1.2), equality (1.7) can
be written as

e*=P:o7, P=5:a. (1.9)

Comparing (1.4) and (1.6), we arrive at the conclusion that in the case of the PNEI considered, to find the
strains £}, in the inclusion from formula (1.9), it is necessary to replace o by the tensor —® from (1.5) and to add
the strain tensor on infinity € corresponding to the first term on the right side of (1.4). Thus, we obtain

e*=e®—P:(c"=b:¢e")
or, in more compact form,
er =485 (e —¢&"), e =qa:0%, g =a:0". (1.10)

If in v*, the strains comprise elastic and irreversible strains 5{;; (k,1 = 1,2,3), the elastic characteristics of
the PNEI and the region v are identical (¢* = a : 0* +&¥) and 6> = 0, then relation (1.10) coincides with (1.7),
where £V plays the role of a free strain tensor.

For the case of an isotropic medium v, the components of the fourth rank tensor S in (1.7)—(1.10) are given
in [2], and the displacements of the medium are defined by formulas (1.4) for 7 € v. The terms on the right side
of (1.4) are written in explicit form in [3], where £f, should b replaced by €}, — Akimnr, (k,1 = 1,2,3). Using
the same replacement, from the dependences given in [2], we obtain the components of the rotation vector in the
region v*.

Relations (1.3) and (1.10) form a closed system from which the SSS of the PNEIL, i.e., 0* = o*(t) and
e* = &*(¢) (t is time or a loading parameter) is determined from the known loading history at infinity o> = ().

Replacing the elastic constants akimn (k,I,m,n = 1,2,3) in (1.1) and (1.10) by corresponding Volterra
operators [4], we obtain the relationships between the SSS in the inclusion and at infinity for the viscoelastic
region v with the PNEL

2. Case of an Isotropic Region v. We assume that the elastic medium v is isotropic if relations (1.1)
have the form

Eeyy = (14 v)0p — vOnnli, Okl = 20k + A€nn b (k,1=1,2,3),

(2.1)
2u=E(1+v) 1, A=FEv(l+v) '(1-2v)"1,
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where dy; are the unit tensor components, F is Young’s modulus, v is Poisson’s ratio, and A and p are Lamé’s
constant.

We note that by virtue of (1.10), the relations between €5, and o}, are similar to relations (2.1) with the
same elastic constants.

In this case, the components of the tensor S from (1.8) are defined as follows [2]:

Sk = Qazlyk + Ry, Skru = Qai Iy — Ry,

2kt = 2Skur = Q(ai + al) Iy + R(I + I)),

Q=3/Br(l-v), R=(Q1-2v)/8r(l-v)], (2.2)
I = 2majazas3 / (aifiL)A’ Iy = 27m1a2a3/ 2 ) 2A’
0 0

3 =2
M 7Ta1a2(13/ (a2 + u)(a} +u)A
0
Here A% = (a2 +u) (a2 +u)(a3 +u) (k, 1 =1,2,3; k # [, no summation over k and ), and the remaining components
are Skimn = 0.
The quantities Iy, Ik, and Ix; from (2.2) are expressed in terms of elliptic integrals of the first and second
kind and satisfy the following relations [2]:

I + Iy + I3 = 4m, Iia + Iz + Iz = 47/ (3a3), a3l + a3lie + a3lis = Iy,
I =T = (I — 1)/[B(a} — af)]  (k#Lax # ), (2.3)

31k = Ixk (k#lag=ay) (k1=1,2,3).

From these relations, using known values of I; and I3, we obtain the remaining indicated quantities. The last
equality in (2.3) follows from (2.2). In particular, for an oblate spheroid (a1 = a2 = «, ag = da, and 6§ < 1),
according to [2], we have

I =TI, =1 =2r6(1—6%"32[arccos § — (1 — 62)1/2]. (2.4)
Then, from (2.3) we obtain
31 — 4mH?
I3 =4m — 21 I =1p=31=——"—
3 =dm ) 11 = 122 12 1a2(1=57)’
4 — 31 4m(1 — 36%) + 616> (2:5)
hs=ls=g5-—5v Is= 252 2
3a2(1 —42) 3a2%(1 — 62)
Ignoring the quantity 62 compared to unity (i.e., assuming 6% < 1), from (2.3)—(2.5), we obtain
I = I, = 726, I3 = 4w — 2726, Iy = Iy = 3115 = 37%6/(40?),
(2.6)

113 = 123 = (47T - 3#2(5)/(3052), 52042133 = 47T/3

Equality (1.10) is conveniently written in matrix form if the corresponding strain tensor ¢ is treated as a
six-dimensional column vector f with the components f1 = €11, fo = €29, f3 = €33, f1 = €12, f5 = €13, and fg = €23
and the tensor S is treated as a 6 x 6 matrix s whose elements sy, are defined as follows: sx; = Sk (k,1 =1,2,3;
no summation over k and 1), sqq = 251212, S55 = 251313, Se6 = 2592323, and the remaining sy; are equal to zero.
Then, relation (1.10) becomes

f::flgo+5kl(fl*_.]gl*) (k:1727"'76)’ (27)
where the summation over [ is performed from 1 to 6.
Substituting (2.6) into (2.2), for the elements of the matrix s, we obtain

S11 = S99 = (13 — 8V)50, S12 = S921 = (81/ — 1)50, §13 — S23 — 4(21/ — 1)50,
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531 = 830 = v(1 — )71 — 4(1 + 4v)do, s33 = 1 — 8(1 — 2v)d, (2.8)

s44 = 2(7 — 8v)dp, S55 = Se6 = 1 — 8(2 — v)do, do =76/[32(1 —v)].
For a prolate spheroid (a; = a, ag = ag = da, and § < 1) according to [2], we have
Li=Is3=1=2r6"1(6"2-1)"32[671(672 - 1)"/2 — arcosh 6~ ].
Then, from (2.3), we obtain

47(3 — 62) — 61 4 — 3152
I =4m - 21 Iw=———+—""—5— Ipo =133 =3[0 = ———————
1 m ) 11 3a2(1—02) 22 33 23 40262(1 — 52),
31 —4n (2.9)
I =ls=c——-
12 13 302(1 — 02)

Since I = 2m(1 + 62 1nd) in the order of §2, from (2.9) for 62 < 1, we obtain (retaining terms of the order of
81 = —40%In§ and ignoring 62 compared to unity)

I1:47T51, 12:.[3:27('(].—51), 111:47('51/0[2,

52C¥2I22 = (52042_[33 = 3(52a2123 =T, 112 = 113 = 27T(1 — 3(51)/(30[2).

Substituting these equalities into (2.2), we obtain

_271/5 B B 1721/6 v=(14v)é
Sll_il—u 15 S12 = S13 = 72(1_]/) 15 521—531—72(1_]/) )
5—4v —2(1 —2v)o; v — 14 2(1 — 2v)0,
e = gy — 2.1
S22 = 533 81— ; 523 = 532 ) ; (2.10)
1 (14+v)y 3—4v —2(1-2v)d 9
=855 =7 " =7 = , 61 = —6“Ind.
ST TS T 00 ) 566 A1) L "

According to [2], in the case of an elliptic cylinder (ag — o0), we have

I :47ra2(a1 +a2)_1, I :47ra1(a1 +a2>_1, I3=0, I :477/[3(a1+a2)2],

Iyw = 47/ (3a}) — s (k=1,2), Iiz=0 (k=1,2,3).

In this case, relations (1.10) coincide with those obtained by a different method in [5, 6] for & = 3 — 4v, which
corresponds to plane deformation.

Below we give formulas for a PNEI which degenerates into:

(a) an elliptic thin plate (a1 > ag, a3 — 0), where I, = Ijy = 0 (k,l = 1,2), I3 = 4, a2lys = 47/3
(k =1,2,3; no summation over k) and the quantities sj; are written in the form of (2.8) for §y = 0;

(b) a needle (a1 = a, az = ag = da, § — 0), where sy is determined from (2.10) for §; = 0.

Substituting (2.8) for §y = 0 and (2.10) for §; = 0 in (2.7) and taking into account the relations between &},
and o7, (and the relations between %9 and o) of the form of (2.1), after simple rearrangements, we obtain:

— for case (a),

e =cn (k1=1,2), Ops =05 (k=1,2,3); (2.11)

relations similar to (2.11) also hold in the plane problem with an elliptical inclusion degenerating into a slot [6];
— for case (b),

el = €33, elp &1 =27 (k=2,3), (3 —4v)éss + 55 = 4(1 — v)ess,
E(e5 —e33) = (L +v)[4(1 —v)(035 —053) — (3 — 4v)(035 — 033)], (2.12)

E(ess +e33) = 2(055 + 055 —vory) — (1 +v) (03, + 033).

The last of equalities (2.11) (for k = 3) and equalities (2.12) are valid for v # 0.5 and v — 0.5 because the
right and left sides of the original relations contain the factor 1 — 2v.
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3. Some Examples. We consider the case of an isotropic PNEI whose strains comprise elastic and creep
strains €;7, so that the original equations (1.3) have the form

e =a" 0" 4"
where a* is the elastic compliance tensor, which depends only on two constants E* and v*. For the creep strain
rates, we obtain the relations [4]

T’;::l = 67;? = 3310.*71_10.’:?(1 - w)ima O.I:? = U;::l - (1/3)0* 5k‘l (k’l = 17 2a 3)7

3.1
W= Byo;"(1—w)™™,  o? = (3/2)0}]0, &y

where o} is the stress intensity, 0 < w < 1 is a damage parameter, which is equal to zero in the unstrained state
and to unity at the moment of fracture, and B, Bs, m, n, and p are positive constants.

Relations (3.1) describe isothermal creep and failure processes for softening materials. In particular, for
w = 0, relations (3.1) correspond to nonlinear viscous flow of undamaged materials.

We assume that at the time ¢t = 0, stresses o} are applied at infinity and then remain constant. At ¢ < 0,
the entire region v* Uv was in a natural unstrained state; therefore, €;5|;=0 = 0 (k,{ =1,2,3) and w|4=¢ = 0.

We assume that the elastic characteristics of the medium and the inclusion are identical, i.e., E* = FE,
v* = v. (This assumption is not significant because the case E* # E and v* # v does not involve serious difficulties
but only leads to more cumbersome expressions.) Then, as noted above, e* —£* = £*¢ and since €*¢|;—¢ = 0, relation
(1.10) leads to

o 0= o5y (k,1=1,2,3). (3.2)
t=
In this case, relation (2.7) becomes

fre—suffc+fi=r (k=1,2,...,6). (3.3)

Asin Sec. 2, we consider the following inclusions: 1) inclusions in the shape of an oblate spheroid; 2) inclusions
in the shape of a prolate spheroid.

1. Let 0y = 055 = 09, 055 = 030, and o5y =0 (k,1 =1,2,3; k # [). From (3.3) and (2.8) it follows that
at t > 0, the equalities 07; = 03, and o}, = 0 (k,l = 1,2,3; k # 1) are satisfied. We introduce the designations
0}, = 055 = 01(t) and o34 = 03(t). Next, from (3.1) we find that o} = |01 — o3|, and then

o= f3t=—fr2=Fi(o1—o3)(1-w) ™™,  w=R1-w ™, (3.4)

Fy = Biloy —os|" ", Fy = Baloy — a3]".
Substituting (2.1), (2.8), and (3.4) into equalities (3.3) differentiated with respect to ¢, we obtain
é’l = —AFl(O'l — 0'3)(1 — W)_m, é'3 = BFI(UI - 03)(1 - w)_m7

w=Fl-w™™, A=E[1-v)"' —4@8v+5)(1 +v) 5], (3.5)

B =8E(1+v)"'(1-2v)d.

The first two equations in (3.5) are obtained by reducing the right and left sides by a factor of 1 — 2v [as in (2.11)
and (2.12)].
By virtue of (3.2), the initial conditions for system (3.5) are written as
(71(0) = 010, (73(0) = 030, w(O) =0. (36)

[We note that in a more general case, where, for example, v = v* but E # E*, the left sides of the first and second
equations of. (3.5) include the terms (1 — E/E*){(1—12dg)o1 — [v(1 —v)~t —4(4v +1)8]63} and 8(1 — E/E*)(1 —
2v)do (01 + &3), respectively.]

From Egs. (3.5) and (3.6), it follows that

Boy + Aos = Boig + Aosp. (37)
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Subtracting the second equation of (3.5) from the first equation and converting from ¢ to the new variable
w = w(t), which is an increasing function of ¢, we have

(01 —03) = —(A+ B)BlBgla;*”""l(ol —03), ol =|oy — o3 (3.8)

(the prime denotes differentiation with respect to w).
Multiplying both sides of (3.8) by o1 — 03 and taking into account that (01 — 03)' (01 — 03) = 0}/ 07, for o}
we obtain the following equation (similar to that considered in [7] for the case of instantaneous tension of a rod at
= 0 with subsequent conservation of its strain):

o' +(A+B)BBy 0" " =0. (3.9)
From (3.9), we have
of =oifo@),  folw) == Clp—n+ 1))/,
* —1_sn—p-1 . (3.10)
Cloj) = (A+ B)B1B;y 0 ) oip = |o10 — 030l
Substituting (3.10) into (3.8) and integrating, we obtain

o1 — 03 = (010 — 030) fo(w). (3.11)

From (3.10) and the last equation in (3.5), taking into account the third equality in (3.6), we find ¢ as a function
of w:
t=By'a; " /[1 —C(p—n+ 1] /P01 — )™ du,
0

which is the reverse of the function w = w(t). Knowing the function w = w(t), from (3.7) and (3.11), we find
o1 = 01(t) and o5 = o3(t).

From (3.9) or (3.10) it follows that with time, i.e., as the value of w increases, there is a reduction (relaxation)
of the stress intensity o} because A+ B = E[(1 —v)™t —12(1 + 4v)(1 + v)~18g] > 0 since Jp < 1. Is failure of the
PNEIL i.e., attainment of the value w = 1 possible under these conditions? In [7], it is shown that this is possible
ifCp—n+1)<1l)orC(p—n+1)=1and m+1—Cp > 0. In the remaining cases, t. — 0o (. is the time to
failure).

Since A+ B ~ E(1 —v)7!, we have C ~ (1 — v)~le,(0}y)/e(0}y), where e.(0}y) = BiBy 'oj) 7 is the
creep strain at the moment of failure under uniaxial tension by a stress equal to o, and €¢(c})) = o}y E~! is the
corresponding elastic strain. For most real media, €, > €¢; therefore, C' > 1, and for viscous materials, C' > 1.
Then, from the inequality C(p — n + 1) < 1, it follows that p < n + C~! — 1 < n, which corresponds to friable
materials [7]. In this situation, failure of a viscous PNEI for which p > n is impossible.

If, for example, 073 = o (or 055 = 0¢), 0p = const, ¢ > 0, and the remaining o} are equal to zero, then
from (3.3) and (2.8) it follows that the single stress component different from zero o}, is the component 0§53 = o75(¢),
which satisfies the equation

o+ Booiy =0,  By=8(2-v)(1+v) 'EB;B;'3", (3.12)
and
015(0) = oy. (3.13)
By analogy with (3.10), from (3.12) and (3.13) we obtain
ots = 00[l — Bo(p — n+ 1)og P ]/ Pt D),
In this case, the condition of finiteness of the time ¢, becomes

Bo(p—n+ 1)y "7 <1, (3.14)

which is also possible for a viscous inclusion material for which p > n and By = EB1 B, 106” “P=1 5. 1. As follows

from (3.14), in order that these conditions be satisfied, it suffices that the inequalities 0 < p —n < Balog_"+1 -1
hold, which is the case for By ol ™"t > 1, i.e., for 8(2—v)(1+1) 13" Bsdy < 1. The last inequality can be satisfied
(in spite of the fact that Bs > 1) because dyp < 1.
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2. Let 0§ = 010, 055 = 055 = 099, and oy =0 (k,1 =1,2,3; k #1). From (2.3) and (2.10), it follows that
at t > 0, the following equalities hold: o3, = 035 and o}; = 0 (k,l =1,2,3; k # ). We introduce the designations
o}; = 01(t) and o3, = 043 = 02(t). Next, from (3.1) we find that o; = |02 — 01| and then

3¢ = [3° = —fi°/2 = Bilos — o1[" (o2 — 1) (1 —w) ",
(3.15)
w= BQ|02 — 01|p(1 —W)im.

Substituting (2.1), (2.10), and (3.15) into equalities (3.3) differentiated with respect to w and reducing by

1 — 2v, we obtain the system

(1—v*)oy = —E[v —2 — (v — 5)e] F3, (1—v*)oh = —E(1 —2v)(1 — 2¢)F3,

F3 = BlBQ_1|O'2 — 01|n7p71(02 — 01)

with the initial conditions o1(0) = o019 and 02(0) = o99. Its solution is similar to that given above for (3.5) and
(3.6). In particular, the condition of finiteness of the time ¢, has the form

Cilp—n+1) <1, C1=E(1—-v) 301 —v) = (7T—5v)e]BiBy ol P71,

oo = |o20 — 010

From this it follows that C; ~ 3(1 + v)7te.(0})/e(c}y) > 1 (e« and £° are defined above); therefore, p
<n+ C’l_1 — 1 < n, which corresponds to friable materials.

A similar situation arises when only one of the components oy (k,I = 1,2, 3 is different from zero; k # [).
In this case, as follows from (2.10), the corresponding equation of the form (3.12) does not contain a small factor
at oy, 7, and, therefore, condition (3.14) (i.e., t. < c0) cannot be satisfied for the viscous inclusion material.
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